
∞Ó  f2(x) + g2(x) = x4 - 2x2 + 1, ÁÈ· Î¿ıÂ Î·È ÔÈ Û˘Ó·Ú-
Ù‹ÛÂÈ˜ f,g Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌÂ˜ ÛÙÔ x0=1, Ó· ‰Â›ÍÂÙÂ fiÙÈ

.

ŒÛÙˆ f ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÌÂ f(1)=2 Î·È ÁÈ· Î¿ıÂ È-
Û¯‡ÂÈ f(x2) = f(x) , Ó· ̆ ÔÏÔÁÈÛÙÂ› ÙÔ 

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË f ÌÂ 

·) ¡· ‚ÚÂıÂ› Ë ÂÍ›ÛˆÛË ÙË˜ ÂÊ·ÙÔÌ¤ÓË˜ ÙË˜ Cf Ô˘ ‰È¤Ú-
¯ÂÙ·È ·fi ÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ
‚) ∂¿Ó Ë ÂÊ·ÙÔÌ¤ÓË Ù¤ÌÓÂÈ ÙËÓ ÁÚ·ÊÈÎ‹ ÙË˜ f ÛÂ ‰‡Ô ÛË-
ÌÂ›· ª(·,f(·)) Î·È ¡ (‚, f(‚)). ¢Â›ÍÙÂ fiÙÈ 

∞Ó Ë Û˘Ó¿ÚÙËÛË f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 1 Î·È ˘Ôı¤ÙÔ˘-
ÌÂ fiÙÈ ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ 
f(x.y)=f(x)+f(y)+·(x-1) (y-1), Ó· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë f Â›Ó·È ·-
Ú·ÁˆÁ›ÛÈÌË ÛÂ Î¿ıÂ ÛËÌÂ›Ô 

∞ÊÔ‡  f2(x) + g2(x) = x4 - 2x2 + 1 ÁÈ· Î¿ıÂ , ÁÈ· x=1 ¤-
¯Ô˘ÌÂ: f2(1)+g2(1)=0 ¿Ú· f(1)=g(1)=0
∂›ÛË˜ 

√fiÙÂ 

ŒÛÙˆ g(x)=x f(x) ÙfiÙÂ ÁÈ· x=1 ¤¯Ô˘ÌÂ g(1)=f(1)=2 ¿Ú·

ŸÌˆ˜ g ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ̂ ˜ ÁÈÓfiÌÂÓÔ ·Ú·ÁˆÁ›ÛÈÌˆÓ 
¿Ú· 

°È· x=1: 

∂›ÛË˜ f(x2)=f(x) ÔfiÙÂ
Î·È ÁÈ· x=1 ¤¯Ô˘ÌÂ 

, Î·È ÙÂÏÈÎ¿ 

·) ∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ÌÂ

ŒÛÙˆ  (Â) Ë ÂÊ·ÙÔÌ¤ÓË ÙË˜ Cf ÛÙÔ ∞(x0, f(x0)). 
∏ ÂÍ›ÛˆÛË ÙË˜ Â›Ó·È :

∞ÊÔ‡ ¿Ú·

√fiÙÂ Ë (Â): 

‚) ∞ÊÔ‡ Ë (Â) Ù¤ÌÓÂÈ ÙËÓ Cf  ÛÂ ‰‡Ô ÛËÌÂ›· ª (·, f(·)) ,
¡(‚, f(‚)) ı· Â›Ó·È 

Î·È 

√fiÙÂ

°È· x=y=1 Ë ‰Â‰ÔÌ¤ÓË Û¯¤ÛË Á›ÓÂÙ·È

∂ÂÈ‰‹ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 1 È-
Û¯‡ÂÈ 

°È· Î¿ıÂ Î·È ÁÈ· Î¿ıÂ ı¤ÙÔ˘ÌÂ 

x=x0
.h ÔfiÙÂ ÁÈ· 

°È· ¤¯Ô˘ÌÂ

√fiÙÂ 

‰ËÏ·‰‹ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÂ Î¿ıÂ
Î·È 

¶·Ú·Ù‹ÚËÛË
∂¿Ó Ë ˘fiıÂÛË ‹Ù·Ó fiÙÈ Ë f Â›Ó·È ·Ú·-
ÁˆÁ›ÛÈÌË ÛÂ Î¿ıÂ Î·È ̇ ËÙÔ‡ÛÂ ÙËÓ

f’(x) ÙfiÙÂ Ë Ï‡ÛË ı· ‹Ù·Ó Ë ÂÍ‹˜: 
¶·Ú·ÁˆÁ›˙Ô˘ÌÂ ÙËÓ ‰Â‰ÔÌ¤ÓË Û¯¤ÛË
ˆ˜ ÚÔ˜ y Î·È ¤¯Ô˘ÌÂ

°È· y=1: 

¶·Ú·ÙËÚÒ fiÙÈ ÙÔ ·ÔÙ¤ÏÂÛÌ· Â›Ó·È ÙÔ ›-
‰ÈÔ!!!
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⇔ f′(x) = 1
x  ⋅  f′(1) + α(x -1)

f′(x) ⋅  x = f′(1) + α(x -1) ⇔ 

f′(xy) ⋅  x = f′(y) + α(x -1)

x ∈ R*

f′(x) = 1
x

 f′(1) + α (x - 1)x0 ∈R*

= 1
x0

 ⋅  f′(1)+ α(x0 - 1)  

lim
x→x0

f(x) - f(x0)
x- x0

 = 1
x0

 ⋅  f(h)
h-1

lim
h→1

 + α(x0 -1)  =

1
x0

 ⋅  f(h)

h -1
 + α (x0 - 1)  

 f(h)
x0 (h - 1)

 + α (x0 - 1) (h - 1)
x0(h - 1)

 = 1
x0

 ⋅  f(h)

h -1
 + α (x0 - 1)

x0
 =

 f x0  + f(h) + α(x0 -1) (h - 1) - f(x0)
x0 (h - 1)

 =

f(x) - f x0
x - x0

 =
f (x0⋅  h) - f (x0)

x0⋅  h - x0

 =

x ≠ x0

x → x0 ⇔ h→1

x ≠ x0x0 ∈R*

f′(1)= lim
x→1

f(x) - f(1)
x-1

 = f(x)
x-1

lim
x→1

= (1)

f(1) = f(1) + f(1) + α ⋅ 0 ⋅ 0 ⇔ f(1) = 0

§Y™H 4Ô˘ £∂ª∞∆√™

α2

lnα
 =

β
2

lnβ
 ⇔ α2lnβ = β

2
⋅ lnα ⇔ lnβ

α2
 = lnαβ2

 ⇔ β
α2

 = αβ2
 

lnβ

β
 =

β

2e
 ⇔ 2e =

β
2

lnβ
 

lnα
α

 = α
2e

 ⇔ 2e = 2
lnα

 

y = 1
2e

 x

0 - lnx0

x0
 = 1 - lnx0

x0
2 

 ⋅  (0 - x0) ⇔ lnx0 = 1
2

 ⇔ x0 = e

0 (0,0) ∈ (ε)

y - f(x0) = f′(x0) ⋅  (x - x0) ⇔ y - lnx0

x0
 = 1 - lnx0

x0
2

 ⋅  (x - x0)

f′(x) = lnx
x

 ′ = 1 - lnx
x2

(0, +∞)

§Y™H 3Ô˘ £∂ª∞∆√™

x f(x) - 2
x - 1

lim
x→1

 =g′(1) = f(1) + f′(1) =2

f′(1) ⋅ 2= f′(1) ⇔ f′(1) = 0

f (x2) ′ = (f(x)) ′ ⇔ f′(x2) ⋅ 2x = f′(x)

g′(1) = f(1) +  f′(1)

g′(x) = (x f(x)) ′ = (x)′ f(x) + x f′(x) = f(x) + x f′(x)

x f(x) - 2
x - 1

lim
x→1

= g(x) - g(1)
x - 1

 = g ′(1)lim
x→1

§Y™H 2Ô˘ £∂ª∞∆√™

= (x+1)2
lim
x→1

= 4

=  f(x) - f(1)
x - 1

2
 +  g(x) - g(1)

x - 1

2
lim
x→1

 =

f′(1)
2
+ g′(1)

2
=

= f2(x) + g2(x)

(x-1)2
 = x2- 1 2

(x-1)2
  = (x+1)2

f(x) - f(1)

x - 1

2

+ g(x) - g(1)

x - 1

2

= f2(x)

(x-1)2
 + g2(x)

(x-1)2
 =

x∈R

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

x0 ∈R*

x,y ∈R*

4Ô £∂ª∞ 

αβ
2
 = β

α2

f(x)=lnx
x  , x>0

3Ô £∂ª∞ 

x f(x) - 2
x - 1

lim
x→1

x∈R

2Ô £∂ª∞ 

f′ (1)
 2
 + g′ (1)

 2
 = 4

x∈R

1Ô £∂ª∞ 
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